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Abstract 

We discuss some aspects of index and secondary index theory for flat bundles with duality. 
This theory was first developed by Lott Q . Our main purpose in the present paper is provide 
a modification with better functorial properties. 
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1 The functor L 

1.1 Definition of L 

We define a contravariant functor L from the category Top of topological spaces and continuous 
maps to ^-graded rings. 

Let X be a topological space and £ £ Z2. If F is a locally constant sheaf of finite-dimensional 
M-modules over X, then an e-symmetric duality structure on F is an isomorphism of sheafs 
q : F —* F* satisfying q* = (—l) e q, where F* := Hom(.F,R). 

We first define a semigroup L e (X) and then obtain L e (X) by introducing a relation. A generator 
of the semigroup L e (X) is a pair (F, q) consisting of a locally constant sheaf of finite-dimensional 
M-modules and an e-symmetric duality structure q. The operation in L e (X) is given by direct 
sum 

(F,q) + (F',q') :=(F®F',q®q') . 

The group L e (X) is obtained from L e (X) by introducing the relation lagrangian reduction. 
We require (F, q) ~ if there exists a locally constant lagrangian subsheaf i : C <^-> F, i.e. the 
composition C A F -h> F* — > £* vanishes and £ = := ker(i* o q). 

The class of (jF,q) in L t (X) will be denoted by [J 1 *, g]. The ring structure L e (X) ® — > 
L e + e '(X) is induced by the tensor product: 

g] \T\ qi] := ^^E!^ ® ^, g ® g'] . 

V 

The sign-convention is made such that later we have a natural transformation of rings from L 
to complex iC-theory K°. 

If / : Y -» X is a morphism in Top, then /* : L(X) -> L(y) is defined by f*[F, q] = [f*F, f*q}. 
The map /* only depends on the homotopy class of /. 

Remark: A version L(X) Lott of this ring was first introduced by Lott ||. His definition differs 
from ours since our relation "lagrangian reduction" is repaced by "hyperbolic reduction" in the 
definition of Lott. Here a generator (J 7 , q) is called hyperbolic if there is an lagrangian subsheaf 
C C T which admits a complement inside T. In particular, L(X) is a quotient of L(X) Lott . 

1.2 Computation of L(X) 

Assume that X is path connected and fix a base point x. Let G := m(X,x) be the fundamental 
group. We consider the semigroup L e (G) of all tuples (F,q,p), where F is a finite-dimensional 
real vector space, q : F — > F* is an e-symmetric duality structure, and p : G — » Aut(i ? , g) is 
a representation of G. The semigroup operation is given by direct sum. We then define the 
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group L e (G) by introducing the relation (F,q,p) ~ if there exists an invariant lagrangian 
subspace L C F. Taking the holonomy representation on the fibre over x we obtain a bijection 
L(X)^L(G). 

Let G := GxZ 2 . If (F, q, p) G L(G), then we form the representation (F, p) of G by F := F®F* , 

KM) ■= p{a) ® P(g- l )\ 



/5(1,1) : = 




If (F, q, p) is an irreducible representation of G, then (F, p) is an irreducible representation 
of G. An irreducible representation (V, <r) of G is called real, complex, or quaternionic, if 
End G (V) = R, = C or = H, respectively. 

For each irreducible representation (F, p) of G we define a Z2-graded group A(F, p) as follows. 
If (F, p) admits an invariant e-symmetric form q, then we define A e (F, p) := Z, iff (F,p) is real 
or quaternionic, vl e (F, p) := Z2, iff (F,p) is complex, and we set -A e (.F, p) := 0, if (F, p) does not 
admit an invariant e-symmetric form. If A(F, p) 7^ 0, then we fix an invariant e-symmetric form 
QF,p- 

Let Rep(G) denote the set of isomorphism classes of irreducible representations of G. 
Theorem 1.1 There is a natural isomorphism of ^-graded groups 

L(G)= A(F,p) 

(F,p)eRep(G) 

fixed by the condition that (F,q,qp,q) 1— ► 

1.3 The natural transformation to if-theory 

By Top para we denote the full subcategory of Top of paracompact topological spaces. Let K°(X) 
be the complex X-theory functor. We construct a natural transformation b : L — > K° of functors 
from Top para to rings. 

A locally constant sheaf of finite-dimensional R-modules on X gives rise to a locally trivial 
real vector bundle bundle{J~) in a natural way. The correspondence bundle is functorial and 
compatible with direct sum, tensor product, and duality. Thus applying the bundle construction 
to (JF, q) we obtain a pair (F, Q) consisting of a finite-dimensional real vector bundle and an 
isomorphism Q : F — > F*. 

Let (F,Q) be a real vector bundle with an isomorphism Q : F — > i 7 * such that Q* = (— l) e Q 
for e G Z2. Following the language introduced by Lott || we call an isomorphism J : F — > F a 
metric structure, if 

1. J* o Q defines a scalar product on F, 
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2. J 2 = (-l) £ id F , 

3. J* oQ = (-l) £ Qo J. 

Since we assume that X is paracompact it admits partitions of unity. This implies that metric 
structures exist, and that the space of all metric structures is contractible. 
Given (F, Q) as above we choose a metric structure J. Let Fq be the complexification of F. 
Then - J — J is a Z2-grading of Fc, and the pair (Fc, , 1 J) represents an element of 
which does not depend on the choice of J. 

The transformation b : L — » if is obtained by composing the latter construction with bundle. 
1.4 Secondary L-groups. The R/Z- variant 

We first recall the definition of the 2-periodic cohomology theory K-^/z introduced by |7|], ||. Let 
be the classifying space of complex i^-theory. The Chern character (with real coefficients) is 
induced by a map ch : BU — ► n^=i -K"(R? 2n). The homotopy fibre of this map classifies K^n. 
In particular, for any paracompact space X there is a natural exact sequence of X°(X)-modules 

K-\X) 5 # ocM (X,R) -» K~} Z (X) K°(X) 5 fl- e "(X,R) , 

where acts on cohomology via the Chern character. 

We now define the functor X >—> L K//Z (X) from paracompact topological spaces to Z2-graded 
groups by the following pull-back diagram: 



\X) - L{X) 
I lb 
K-UX) A K\X) 



The grading is induced from that of L{X). On morphisms the functor L I only depends on 
homotopy classes. Note that K°(X) and K~j z (X) are )-modules via b. This induces a 
graded L(X)-module structure on L R ^(X). We have the following natural exact sequence of 
L(X)-modules 

K~\X) ^ H odd {X,R) -» L R / Z (X) -» L(X) tf e,, (X,R) . 
1.5 Index and secondary index 

Let X — > B be a smooth locally trivial fibre bundle over a compact base B with compact even- 
dimensional fibres such that the vertical bundle TX/B is orientable. In this case we have the 
following maps: 
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• Trf 9n : H*{X,R) -» H*(B,R) defined by tt*(u;) = f x/B oj n L(TX/B), where is 
integration over the fibre and T,(TX/B) denotes the Hirzebruch L-class of the vertical 
bundle. 

• Trf gn : K°(X) -> X (£) defined by tt s ^([£]) = index (.Df^ ) , where D^ 9n is the fibrewise 
signature operator twisted by E and index(Z)^ ffn ) G K°(B) denotes the class of the index 
bundle. 

• 7r.jp : L(X) -» defined by 7r, L [^,g] = [H*Rtt*F, vr,(g)], where H'Rtt*? = ®™ R 1 tt4F) 
is the direct sum of higher derived direct images of T. The orientation of TX/B pro- 
vides an isomorphism p : i? dim ( TX /- B ) vr^K. R. It induces isomorphisms R l -n^!F* —* 
(i? dim ( TX / s )-*7r*J r )* ) and 7r*(<?) is the composition of the sum of these maps with the sum 
of : fl^JF -> R^T*. 

It is an excercise in spectral sequences to show that tt^ is well-defined. 

Remark : In § Lott defines vC : L Lott {X) -> L Lott (B) which induces vr^ by passing to 
quotients. 

By the index theorem for families and fibrewise Hodge theory the following diagram commutes 

L(X) -> -» tf^p^R) 

L(5) -> K°(B) H ev (B,R) 
In order to define an index map for we need the further assumption that 7r is i-T-oriented. 

Thus assume that TX/B has a Spin c -structure. Then there are maps 7r, pmc : K°(X) — > K°(B) 
and 7r | 5 P mc ' R / z - K~j z (X) — » K^j z (B) (compare e.g. ||), such that the following diagram 
commutes: 

H odd (X,R) K'jJX) -> -► i/ et, (X,R) 



Spin c I Spine, R/Z I Spin c i Spin c i 

7T* 4 7T| 4 7T| 4 7T* 4 ) 

H odd (B,R) -» K~j z (B) -> H ev (B,R) 

where vrf pinc (cj) = / X/B A(TX/B) n e Cl / 2 n w and ci is the first Chern class determined by the 
Spin c -structure. There is an unique element i? s j gn € i^o(^) such that 7rf ifl "(x) = -Kf pinc {E s i gn » 
x). Note that ch(^ 9n ) n k{TX/B) n e Cl / 2 = L(TX/B). 

• 7r si 5 n » R / z : i^L(X) -> K~j z (B) is defined by n^^^x) := -^^^{Engn • &) so that 
the following diagram commutes 

sign I sign,R/Z , sign i sign i 

7T* 4 ""j 4 ""j 4 7T* 4 • 

H odd (B,R) -» K K j (B) -> if ^) -» i/ eu (.B,R) 
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• ir* M/Z : L R/Z (X) -► L R / Z {B) is the map induced by ^f^R/z &nd The following 
diagramm commutes: 



^««(X,R) -► L M / Z (X) -► L(X) -► F CT (X, 
H odd (B, R) -► L R / Z (B) -► L(B) -► # eu (B, 



All index maps are natural with respect to pull-back of fibre bundles. 

Let 7Ti : X — > Xi and 7T2 : Xi — ► 2? be locally trivial smooth fibre bundles with closed even- 
dimensional fibres and compact base. Further assume that the vertical bundles TX1/X2 and 
TX2/B carry Sj>m c -structures (and are therefore oriented). Then the composition tt = tt^ o tt\ : 
X — > B is a locally trivial fibre bundle with closed even-dimensional fibres, and the vertical 
bundle TX/B carries an induced Spm c -structure. In this situation the index maps on complex 
if-theory, i^/^-theory, and in cohomology behave functorially with respect to the iterated fibre 
bundle. It is again an excercise in spectral sequences to show that tt f is also functorial. As a 

L,R/Z . r ■ 1 • LM/Z , L,R/Z, , L,R/Zn 

consequence, 7r* ' is functorial, i.e. 7r* ' = (tt 2 J* o [tt 1 J*. 

Remark : The motivation of introducing the quotient L{X) of Lott's group L Lott (X) is to im- 
plement this functoriality for tt f , which is not true for Lott's definition. 



2 Geometry and extended secondary L-groups 
2.1 Definition of L 

The functor X ^ Z R / Z (X) from Top para to Z2-graded L(X)-modules was defined by a purely 
homotopy-theoretic construction as an extension of the functor 

X ^ ker (ch o b : L(X) -> H ev (X, R)) 

by X ^ H odd {X, R)/ch( J FC- 1 (X)). 

Let Top smooth denote the full subcategory of topological spaces Top para which are homotopy 
equivalent to smooth manifolds. In the present section we use a differential geometric con- 
struction in order to define on Top smooth a functor X ^ L(X) to graded L(X)-modules 
which extends X ker(ch o i) by I h H odd (X, R). First we define L(M) for a smooth 
manifold M. Again we first define a semigroup L{M). A generator of L t (M) is a tuple 
(F, J, p), where (J-, q) is a generator of L £ (M), J is a metric structure on F := bundle(F), and 
p £ 17 4 *-(- 1 ) e (M)/im( ( i) satisfies dp = p(V F ,J). Here (fi*(M),d) is the real deRham complex 
of M and is the canonical flat connection on F (such that ker(V^) = F). The metric struc- 
ture J induces a ^-grading of Fc, and if \7 Fc,J denotes the even part of the extension of V F to 
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Fq, then p(V F , J) := ch(X7 Fc,J ) = tr s exp(— i? v c '' /2iri) is the characteristic form representing 
ch o 6 ([.7-", q}). The semigroup operation is given by 

{?, q, J, p) + (T\ q', J', p') := (T ®T',q® q' , J J' , p + p) . 

We form L e {M) by introducing the relation lagrangian reduction. Let C C J- be a locally 
constant lagrangian subsheaf and L := bundle(C). Then we have a decomposition F = L®J(L). 
Let V® be the part of V Fc ' J which preserves this decomposition, and let ch(V®, V Fc ' J ) be the 
transgression Chern form such that dch(V® , V Fc ) = ch(V®) -ch(V Fc ). Note that ch(V®) = 0. 
In L e (M) we require 

(jT q, J, p) ~ (0, 0, 0, p + ch(V®, V F ^)) . 
By \T, q, J, p] we denote the class in L represented by (F, q, J, p). 

Remark : In || similar functors L Lott were defined replacing the relation " lagrangian reduction" 
by "hyperbolic reduction" and "change of metric structure". Lott's relation is smaller than ours, 
and we have a natural surjective map L Lott {M) -» L(M). 
The graded module structure of L{X) over L{X) is defined by 

[T, q, J, p] • [S,p] := ^^£^ Y \T ®£,q®p,J®J E , P A ch(V E ^ jE )} , 

V 

where J E is any metric structure on bundle(£). 
2.2 Functorial properties 

If / : M — * N is a smooth map of manifolds, then we obtain an induced map /* : L(N) — > Z(M), 
which is given on generators by pull-back of structures. /* only depends on the smooth homotopy 
class of / and is compatible with the L(M)-module structures. 

We define natural maps H odd (M,R) L(M) and L(M) -> L(M) by [p] i-> [0,0, 0, p] and 
[J 7 , g, J, p] i ^ [J 7 , q]. Then we have the following exact sequence of L(M)-modules 

H odd (M,R) -» Z(M) -> L(M) -> # e,; (M,R) 

(see II, Prop. 21, for a similar argument). 

Proposition 2.1 TTie map H odd (M, R) — > L(M) is injective. 

Indeed, let w E Q odd (M) be a closed form. If (0, 0, 0, cj) ~ in L e (M), there there exists 
(JF, g, J, p) together with two lagrangian subsheaves Co, C\ such that 

[u] = [ch(V®°,V Fc ) -di(V ei ,V Fc )] = [ch(V®°,V ei )] 



2.2 Functorial properties 
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in H odd (M), where V®% £ = 0,1 are denned using the decompositions F = Li © J(Li). The 
right-hand side belongs to ch(if _1 (X)) and is therefore rational. On the other hand it depends 
continuously on J. Therefore it is independent of J. First reducing to the case that LqCiLi = {0} 
and then choosing J such that J Li = Li_j, i = 0, 1, we see that [uj] = 0. 

We now construct a natural morphism of L(M)-modules 7 : L(M) — > K^ Z (M). Here we use 
the definition of K^j z (M) in terms of generators and relations given in ||, Def. 5 + 6. A 
generator of K~j z (M) is a tuple (E, h E , V s , p), where E is a Z^-graded complex vector bundle 
of vertual dimension zero, h E is a hermitean metric and V is a metric connection, both being 
compatible with the grading, and p G o<M (M)/im(<i) satisfies dp = ch(V E ). The relations of 
K~J y (M) are generated by 



1. isomorphism (E, h E , V B , p) ~ h E ' ,V E ' , p) if there exists an isomorphism from E to 
.E' which is compatible with metrics and connections. 

2. direct sum (E, h E ,V E , p) + (E', h E ',V E ',p') = (E /i™' , V Be£; ' , p + p') 

3. change of connections (E, h E , V, p) ~ (E, h E , V, p') if p' = p + ch(V, V). 

4. trivial elements If (E, h E , V E ) is a .^-graded hermitean vector bundle with connection, 
then (E © E 0; p, h mE , V E ® E , 0) ~ 0, where E°p denotes E with the opposite grading. 

Let [E,h E , V E ,p] denote the class of (E,h E ,V E ,p) in K~j z {M). 

We define Z(M) -> if~L(M) by 7^,9, J, p] = [F c , h Fc , V Fc > J , p], where /i Fc is the hermitean 



extension of the metric J* o Q on E. 
The following diagram commutes 



L(M) -> L(M) 

I I 



We therefore obtain a natural map L(M) — ► L ' (M) which is in fact surjective. 
We now extend the functor L to Top smooth by setting 

L(X) := lim Z(M) , 

f:M^X 



where the limit is taken over the category of manifolds over X. This extension has all functorial 
properties discussed above. 
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3 Eta invariants and index maps 
3.1 The ^-invariant 

Using the 7/-invariant of the twisted signature operator for a closed odd-dimensional oriented 
manifold M in || Lott constructed a group homomorphism rj Lott : L Lott (M) — > R. Its reduction 
modulo Z factors over the homomorphism ^ K / z ; K^j z (M) —* R/Z constructed in which is 
given by the pairing with the ET-homology class induced by the odd signature operator. 
Unfortunately, the homomorphism rj Lott does not factor over the quotient L Lott (M) -> L(M). In 
order to fix this for a given closed odd-dimensional oriented manifold M we define an extension 

-» Z -» Lf (M) -> L e (M) -> , 

such that 

r? : Zf'(M) - L e (M) - K R / Z (M) ^ R/Z 

lifts to ?? : (M) -> R. Note that L ex (M) is not a functor on M. Here n := dim(M), 
e n := [ 2 ^ ] G Z2, and we assume that e = 1 — e n . 

Let {F,q) be a generator of L e {M) and £ be a lagrangian locally constant subsheaf of J 7 . We 
define an integer t(.F, £) by the following construction. We consider the complex of sheaves 

Let (E'*,d r ), r > 1 be the associated hyper cohomology spectral sequence. The duality q and 
the pairing between C and C* induce a duality q/c : JC /C*[— 2] (the argument "[—2]" indicates 
that qfc is a map of degree —2). The orientation of M and q induce a duality qE r ■ E r — > 
E*[— 2, — dim(M)] (i.e. of bidegree (— 2, — dim(M))). Let N r denote the total grading on E r . 

... Nr(Nr-l) 

Then we define the symmetric form Q r on E r by Q r (v,w) = (/£,.((— 1) 2 v)(d r w). The 
integer r(J r , is now given by 

T(f,q t C) := 2(sign(Q 1 ) + sign(Q 2 )) . 

We first define an extension L^ X (M) of L e (M). A generator of the semigroup group L^ X {M) 
is a triple (J 7 , q, z) consisting of a locally constant sheaf of finite-dimensional R-modules, an 
e-symmetric duality structure q, and an integer z. The semigroup operation is given by 

(.F, q, z) + (J*, q', z') := (T ®F',q® q' , z + z') . 

Then we form L ex (M) by introducing the relation lagrangian reduction 



(F,q,z) ~ lp,Q,z + r{JF,q,C)) 



3.2 The secondary index map 
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if T admits a locally constant lagrangian subsheaf C. 
There is an exact sequence 

Z Lf (M) -> L e (M) -> , 

where the maps are the obvious inclusion and projection. We now define L^ X (M) by the following 
pull-back diagram: 

Zf(M) -» Lf(M) 

I I 
L e (M) L e (M) 

Then we have exact sequences 

-» Z -» Lf (M) -> L e (M) -> 

and 

^-(-^"(Af.R) -» Lf (M) -» Lf (M) -» ff 4 * +1 -(- x ) e (M,R) 

in a natural way. 

An element of L e e x (M) can be represented by a tuple (!F, q, J F ,p, z). We obtain a class [T, q, J F , p] G 
Lf°**(M). If we set 

ri{T,q,J F ,p,z) := V Lott ([F,q,J F ,p])-z , 
then we have the following result. 

Theorem 3.1 T/ie map (T,q, J F , p, z) i— ► r]{T,q, J F , p, z) induces a well- defined homomor- 
phism rj : L^(M) — ► M which lifts f\. 

We must show that r/ is well-defined with respect to lagrangian reduction. The idea is to consider 
the 77-invariant of the signature operator on M twisted with the complex K = bundle{JC) and to 
rescale its differential. The corresponding adiabatic limits can be understood by the methods 
developed in |J and § without investing essentially new ideas. 

3.2 The secondary index map 

Let M — > B be a smooth locally trivial fibre bundle with even-dimensional closed fibres over a 
compact base B such that the vertical bundle TM/B is oriented. We set n := dim(TM/B). 
In H Lott constructed a secondary index map it*' : L^ ott (M) L^ n (B) which fits into 
the commutative diagram 

#4*-(-i) £ (M,M) -> L\ ot \M) -» Zf /Z (M) 

sign I L,Lott I L,R/Z , 
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Theorem 3.2 By passing to quotients the map ir*' Lott induces a well-defined secondary index 
map 

ttJ : L e (M) - L e+€n (B) . 

The idea of the proof consists in investigating the adiabatic limits of the ?7-form of the fibrewise 
signature operator twisted with the complex K under rescaling the differential. The arguments 
are similar to the case of analytic torsion forms. It suffices to adapt the methods developed in 

§, §, |], 0, q, @, 0. 

The following diagram commutes 

H 4 *-(-i) £ (M,R) L e (M) -> L e (M) 

< i9n i nfl njl ■ 

ff4*-(-i)' +e »(M,R) - Z e+en (S) - i e+e „(S) 

The secondary index map is natural with respect to pull-back of fibre bundles. Furthermore, 
if tt\ : X — > _X"i and 7T2 : B is an iterated bundle with oriented vertical bundles, and 

7r = 7T2 o 7Ti , then 

Theorem 3.3 vif = (7^)* o (vrf )* 

This follows from the functoriality of the n -form studied in |11] in a similar way as the func- 



toriality of the secondary index in || was deduced from the functoriality of the higher analytic 



torsion form [lOj. 



3.3 The index map for L ex and L ex 

Let 7r : M — > B as above and assume that B is oriented, closed, of dimension m. Further- 
more, assume that e = 1 — e n — e m . Let (J 7 ^) be a generator of L e {M). We define an 
integer t(.F, q, M A B) by the following construction. Let (E",d r ) be the Leray-Serre spec- 
tral sequence converging to sheaf cohomology H*(M, J-) with E^ q = H P (B, ^tt^J 7 ). The 
orientations of TM/B and B and the duality q induce dualities qg r ■ E r — * E*[—m,—n] 
which give the Poincare duality on the limit. We define the symmetric form Q r on E r by 

N r (N r -l) 

Q r (v,w) = qE r {(—l) 2 v)(d r w), where N r denotes the total degree. Then we set 



r(F,q,M^B) :=2^sign(Q r ) . 



r>2 



Theorem 3.4 1. The prescription 

i^ em [F,q,z] := [H*Rx*T,K m (q),z-T{T,q,M B)] 
defines an extended index map 7r^ ex : L ex (M) — > L^ t (B). 
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2. The extented index map is functorial with respect to iterated fibre bundles. 
The following diagram 

L e (M) L e (M) «- Lf(M) 

Z e+en (S) -» L e+en (S) <- L? +e jB) 

commutes and induces an extended secondary index map ir^ ex : L ex (M) e — > L^. (B) which 
is functorial with respect to iterated fibre bundles. We have the following compatibility of this 
extended secondary index map with the 77-homomorphism. 

Theorem 3.5 

Zf(M) ^ R 

4" I II 
L^JB) ^ R 

This theorem essentially follows from Dai's adabatic limit formula for the 77-invariant ||. 
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